The use of adjoint error estimation techniques is described for a model problem that is a simplified version of an EHL line contact. Quantities of interest, such as friction, may be dependent upon the accuracy of the solution in some parts of the domain more than in others. The use of an inexpensive extra solve to calculate an adjoint solution is described for estimating the intergrid error in the value of friction calculated, and as a basis for local refinement. It is demonstrated that this enables an accurate estimate for the quantity of interest to be obtained from a less accurate solution of the model problem.
INTRODUCTION
Numerical simulations of lubrication problems are of great benefit to industry for the design and evaluation of both oils and contacts since laboratory experiments are costly in terms of both time and money. Simulations enable a much wider range of cases to be evaluated provided that appropriate physical and mathematical models are used, and that the software is fast, robust and accurate.
One potential vehicle for allowing these requirements to be met is the use of a posteriori error estimation combined with spatial mesh adaptation, where more points are placed in regions where the solution is sensitive to the local resolution and fewer points where it is insensitive. These ideas are not new to computational engineering and have been used in problems such as D. Hart et al.
elastohydrodynamic lubrication (EHL) by a number of authors 1, 2, 3, 4, 5, 6 . In this paper we note that, when solving such problems, the goal of the engineer may typically be to obtain knowledge about some quantity that may be derived from the solution, such as the total friction through the contact for example. For this reason it may not always be most efficient to develop the mesh adaptation strategy so as to maximise the overall increase in the accuracy of the computed solution, since this may have relatively little effect on the quantity of interest.
In this work we consider an alternative mechanism for controlling mesh adaptivity for EHL-like problems, based upon controlling the error in the quantity of interest, the calculated friction for example, rather than the solution as a whole. This is achieved at the relatively small expense of solving an additional problem which yields an approximation to an adjoint solution. Using an adjoint system to gain extra information about a solution has long been exploited in optimal shape design 7 , and recently these ideas have become common in aerospace engineering 8, 9 .
In the case of EHL an additional complicating factor is the presence of cavitation which leads to a free boundary in the mathematical model. An initial investigation into the application of adjoints to this type of problem has been made by Hart et al.
10
, where the free boundary problem was considered in the context of uniform mesh refinement only. In this work we extend the approach to demonstrate that the adjoint solution can also yield local information that may be used to drive non-uniform refinement in an effective manner. Furthermore it is shown how varying the quantity of interest results in different local refinement patterns.
The following section provides an outline of the theory that lies behind adjoint error estimation whilst Section 3 describes the nonlinear, freeboundary, model problem being solved. Results are then shown in Section 4 illustrating the accuracy of the error estimator that has been implemented, as well as the performance of mesh adaptation based upon this. The paper concludes with a short discussion of the material presented and of the directions in which ongoing research is headed.
ADJOINT ERROR ESTIMATION THEORY
In this section, the abstract background to the adjoint estimation of an error is introduced. The starting point is to define two meshes with spacing
x h and x m X H (m some integer > 1). The idea is that mesh size H is fine enough to capture the features of the problem being solved, and coarse enough to be solved in a reasonable time, while the fine
